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Introduction
It is well known that photons can carry two different types of angular momenta: the spin angular momentum (SAM), associated with the light polarization, and the orbital angular momentum (OAM), associated with the azimuthal distribution of the complex electrical field [4] [5] [6] [7] . A circularly polarized beam carries σh SAM per photon, where σ = ±1 corresponds to the handedness of polarization. A beam with azimuthal phase dependence of exp(i φ ) (where φ is transverse azimuthal angular coordinate and is an integer) carries a definite OAM h per photon [4] . SAM forms a two-dimensional Hilbert space and is one of the most used physical realizations of a qubit -fundamental unit in quantum information and cryptography [8] . The OAM space, instead, is inherently multidimensional and thus can be used for realization of qudits, i.e. multilevel (more than two) quantum states [9, 10] . Qudits are useful for increasing of the total amount of information carried by single photon [10, 11] , or to implement more complex quantum computation algorithms and protocols not applicable in the binary polarization space (see, e.g., Refs. [12] [13] [14] [15] [16] In this paper, we propose a novel OAM sorting interferometric setup based on a polarizing Sagnac interferometer (PSI) and a single Dove prism (DP). This setup, labeled PSI-DP in the following, ideally has a 100% efficiency, works with single photons, and has a good stability because of the self-compensation of the optical paths inside the interferometer. Moreover, the use of a single Dove prism further simplifies the setup. In the following, we will discuss and demonstrate experimentally the ability of the PSI-DP to sort photons carrying different OAM values, and will present some additional demonstrative applications of the PSI-DP in spin-orbit processing, such as the realization of a C-NOT gate, efficient photon spin-orbit Bell's states measurement and entanglement control of the spin-orbit Schmidt's state -a two-component non-maximally entangled state in the spin-orbit Hilbert space. These experiments required photons in definite OAM eigenstates that were generated and analyzed by means of auxiliary setups based on the q-plate (QP), a newly introduced device able to convert the photon spin into OAM by the spin-to-orbital conversion (STOC) process [27, 28] . A brief overview of the QP and its action on the photon OAM is given in the experimental section below.
The Polarizing Sagnac Interferometer
Interferometer-based OAM sorting methods usually exploit the exp(i φ ) spiraling phase form of the light beams carrying a definite value of OAM. When such beams are rotated around their axis through an angle α, the wavefront phase dependence changes into exp(i (φ + α)), so that a phase shift Δψ = α appears in the rotated beam. A device, that may be used to in- duce such beam rotation is the DP. The DP flips the transverse cross section of the transmitted beam, so that two DPs, rotated at angle α with respect to each other induce an overall rotation of the transverse optical field of an angle 2α along the beam axis. DPs are commonly used in periscopes to maintain the image right when the periscope is rotated. As suggested by Leach [24] two DPs inserted in the arms of a Mach-Zehnder interferometer can be used to sort the incident photons according to their OAM. Here we used a single DP, instead, inserted in a PSI as shown in Fig. 1 
(a).
A single polarizing beam splitter (PBS) is used as entry and exit gate of the device. The PBS splits the incident beam into its horizontal (|H ) and vertical (|V ) components which circulate inside the interferometer along the same path, but in the opposite directions. After being reflected by the mirrors they recombine again and exit the interferometer from the other side of the PBS. Inserting in the PSI a single DP rotated through an angle α with respect to the interferometer plane is equivalent to inserting two DPs in the two arms of the Leach interferometer, rotated with respect of each other through an angle 2α. After passing through the interferometer, the two counter-propagating orthogonal polarizations |H and |V will gain a relative phase of 4 α. In this way, our setup is able to induce an -dependent change of the polarization state of the incident beam. The OAM sign remains unchanged, however, because the total number of reflections from mirrors, PBS, and DP is even for both polarizations. Neglecting scattering and absorption losses and assuming an ideal polarization preserving Dove prism [29] , the theoretical transparency of the PSI-DP device is 100%. As shown in the next section, the PSI-DP can simulate the Leach interferometer for OAM photon sorting. But it should be noticed that the PSI-DP handles polarization too, so it can perform a wider set of operations in the OAM and also in the full photon spin-orbit space. For example, when qubits formed by opposite OAM eigenstates | ± are considered, the PSI-DP may simulate a π/2 cylindrical lens converter, changing LG modes into HG modes [30] . The capability of doing complex operations in the photon spin-orbit space, the need of a single Dove prism, and the robustness with respect mechanical solicitations due to the optical path self-compensation render the PSI-DP much more attractive than conventional Mach Zehnder-based interferometers in all applications were the photon OAM plays an important role. In the remaining part of this work, we will discuss some possible practical applications of the PSI-DP device, in order to demonstrate its potential.
The OAM sorter
The -dependent relative phase shift induced by the PSI-DP can be exploited for sorting input photons sharing the same polarization state according to their different OAM values into orthogonal polarization states of the exit beam. The further separation over different paths is then easily and efficiently accomplished by suitable waveplates and PBS. Let us assume the impinging photon having a definite value of OAM and definite polarization state |ψ = a|H + b|V . The input photon state is denoted by |ψ, , where the first slot in the ket denotes the polarization state and the second slot the OAM state. The action of the PSI-DP with DP at angle α on such a photon state is given by |ψ,
where |ψ = a|H − b|V . We see that for input states with equally weighted H and V polarizations (i.e. states with |a| 2 = |b| 2 = 1/2), the states |ψ and |ψ are orthogonal, so that they can be easily separated. In this work we assume always equally weighted input polarization states [31] . Then, from Eq. (1) we see that if 2 α = kπ (integer k) the polarization state remains unchanged (up to a global phase factor), while if 2 α = π/2+kπ the polarization state becomes orthogonal to the incident one. Setting, for example, the angle of the DP to α = π/4 the PSI-DP changes the polarization of the photons that carry odd values of OAM to the orthogonal state |ψ , while the photons that carry even values of OAM remain in their |ψ polarization state. Using a half-wave plate (HWP), with optical axis rotated through an angle of π/8, and a PBS placed after the PSI-DP, the even and odd values of OAM are spatially separated for detection purposes. One or more cascaded PSI-DPs may work as an OAM eigenstates sorter in the same way as the Leach interferometer [24, 25] . As the Leach interferometer, the PSI-DP works in the single-photon regime and has nominal 100% transmission efficiency. The main advantages of the PSI-DP are the use of a single DP and the self-compensation of the optical paths so that no adjustments are required to obtain destructive interference. Unlike the Leach interferometer, however, the PSI-DP handles the OAM content of the two orthogonal polarizations in a different way. This peculiar feature can be exploited for applications different from the OAM photon sorting. A few examples are outlined below.
OAM qubit measurement
In many quantum optics experiments dealing with photon SAM and OAM, the OAM space is restricted to only two OAM eigenstates given in advance. This is due to the fact that two given eigenstates of a quantum system provide a qubit -the minimal unit of quantum information. Unlike in the photon spin case, however, where the two states have opposite eigenvalues, in the case of photon OAM we may form qubits with any pair of eigenvalues 1 and 2 . Qubits must be created and than analyzed and detected. In the detection stage, different qubits must be sorted and sent onto different channels. In the case of the photon SAM this task is accomplished by a PBS. In the case of photon OAM qubits, this task is usually performed by suitable computer generated holograms (see [6, 7] and references therein), whose efficiency rarely exceeds 40%. The OAM photon sorting can be accomplished with greater efficiency by the PSI-DP exploiting the -dependent relative phase shift to address photons with any prescribed pair of OAM values 1 and 2 into orthogonal polarization states of the exit beam. In fact, evaluating Eq. (1) for = 1 and = 2 and imposing that the output polarization states are orthogonal, we find the condition
with integer k. In most quantum optics experiments, OAM states with opposite values of are prescribed. To discriminate the states | + and | − , the DP must be set at α = π/8 . The two orthogonal polarizations at the PSI-DP output are then sent into different paths by conventional PBS. When configured in this way, the PSI-DP behaves as an OAM beam-splitter. The contrast ratio and overall transmission are limited only by constructive defects, so they may be very large as shown in the experimental section.
OAM subspace purification
As said above, in many quantum applications qubits are formed combining the | + and | − OAM eigenstates, as they are not affected by Gouy dephasing effects [19] . In these cases, it may be of some importance to clean up the beam from all other OAM components. Because the OAM eigenstates are usually originated from TEM 00 laser beams, it is of particular interest to clean up the beam from any residual = 0 OAM component. The PSI-DP can be used to this purpose by simply setting the angle of the DP at α = π/(4 ) and polarizing the input photon along the antidiagonal direction. In fact, when Eq. (1) with α = π/(4 ) is applied to the qutrit |ψ in = a|A, 0 + b|A, − + c|A, we obtain the output state |ψ out as
so that the input = 0 component is left in its initial antidiagonal polarization state and the two ± components are put into the orthogonal diagonal polarization state. The = 0 component can be then easily separated from the and − by a PBS placed at the output port of the device. Such = 0 filtering is very useful since most holograms, spiral phase plates, q-plates etc., commonly used to generate OAM eigenvalues from TEM 00 beam, do not produce OAM eigenstates with 100% purity due to misalignment and inaccuracies of fabrication. It is worth noting that the = 0 component of the input beam is not lost, but sent into one output port of the final PBS. We may then use the same device to filter out the nonzero OAM components leaving a very pure output TEM 00 mode with no losses. This can be useful, for example, to face the serious problem of combining high power ( 100 W or more) with excellent beam quality, as e.g. in lasers systems [32] and Faraday isolators [33, 34] currently developed for gravitational wave detection.
Spin-orbit quantum computation
Entangled non-separable photon spin-orbit states are at the core of many quantum information applications. Such states do not show the most notable property of entangled photon pairsnon-locality -nevertheless they exhibit paradoxical quantum features related to the quantum contextuality which render these single-photon entangled states very interesting for quantum computation purposes. In fact, operations like universal unitary gates, deterministic complete Bell measurement, etc., which are impossible in the two-photon case, can be realized in the case of single photons with entangled degrees of freedom. Our PSI-DP acts on the photon SAM and OAM simultaneously, so that it can realize some of the most important gates in the photon spin-orbit space, such as the C-NOT gate, the unitary gate for Bell's states measurement or a gate to generate spin-orbit states with controllable entanglement.
C-NOT gate
The controlled-NOT (C-NOT) gate is the key gate for most of the quantum algorithms based on two qubits. In fact, using C-NOT gates and global phase retarders it is possible to realize any unitary gate in the 4D two-qubit Hilbert space. The C-NOT gate flips the state of one of the qubits depending on the state of the other. If the logical basis of the two-qubit state is given by the four kets |0, 0 , |0, 1 , |1, 0 and |1, 1 and the first qubit is the control one, then the C-NOT gate action performs the following logical operation
If the spin-orbit space logical basis is given by |R, − , |R, , |L, − and |L, , where L and R denote the left and right circular polarizations, the PSI-DP with the DP angle set to π/8 performs an OAM C-NOT operation, changing the polarization state of the photons with OAM + into the orthogonal one and leaving the polarization of the photons with − unchanged. The exit polarization is transformed as |R −→|A , |L −→|D for the negative OAM value and |R −→|D , |L −→|A for the positive OAM value. To come back into the circular basis an additional quarter-wave plate with its optical axis oriented at 90 • is needed beyond the PSI-DP so that the overall operation is given by |L,
|R,
The PSI-DP behaves as a C-NOT gate with the polarization as control qubit, if we take as logical basis the states |H, h , |H, v , |V, h and |V, v , where |h = (| + | − )/ √ 2 and |v = (| − | − )/i √ 2 are the superpositions of OAM states, equivalent to the horizontal and vertical polarization states [35] . In this case the OAM state of the |H and |V component will be rotated through an angle of ±π/4 respectively and the state of the outgoing photon is given by
where |a and |d are the OAM states equivalent to the antidiagonal and diagonal polarization states. The final transformation |d →|v and |a →|h to return back into the initial basis is done by a second DP rotated at angle π/8 , placed beyond the PSI-DP. The use of the PSI-DP as a polarization C-NOT gate in the photon polarization-path space was already reported [36].
Bell's states measurements
A well known theorem forbids deterministic and 100% efficient detection of all the four Bell's states of a photon pair with a process that involves just linear optics. Up to now, the experimental realization of the Bell's states detection involves additional degrees of freedom, higher order entanglement, or give probabilistic result with non-unit fidelity. The situation is different in the case of single-particle entanglement, where such measurement is possible. The PSI-DP with a DP oriented at angle π/8 realizes an unitary optical gate which transforms each one of the four Bell states into the not entangled spin-orbit basis |H, h , |V, v , |V, h and |H, v . The last states can be analyzed with standard techniques to measure the photon SAM and the OAM separately. The Bell state analysis gate can be realized by mounting the PSI-DP as a polarization C-NOT gate, as described in the previous section, to obtain
Finally, a HWP at 22.5 • can be used to rotate the photon polarization back into the horizontal plane.
Schmidt state generation
It is well known that any two-qubit state, such as the photon spin-orbit state, can be put into the general Schmidt form
by means of unitary transformations acting on each degree of freedom separately. Conversely, given the state [Eq. (7)], any spin-orbit state can be obtained by applying separate unitary transformations to the SAM and OAM degrees of freedom. The degree of entanglement of the state [Eq. (7)] is parametrized by the angle θ . The non-maximally entangled state [Eq. (7)] could be used, for example, to demonstrate the Hardy paradox [37] -a test of the quantum nature of the entanglement and a proof of contextuality (or in the case of two-particles -nonlocality) of quantum mechanics.
Experiment
Since quantum optics experiments that involve single-photon entanglement can be simulated using coherent CW laser source, to test experimentally our PSI-DP scheme we used a c.w. vertically polarized 532 nm TEM 00 single frequency laser beam. To generate beams carrying nonzero OAM, we used the auxiliary setup shown in Fig. 1(b) based on the use of a q-plate (QP) [27, 28] . The QP was placed after a set of quarter-wave plate Q1, half-wave plates H1, H2 and polarizer P1. Some of the optical components were removed or inserted back, depending on the desired photon state. Our QP had an unit topological charge and produced OAM eigenvalues of order | | = 2. The action on the QP on the circular polarizations is given by [27] |L,
where δ is the q-plate optical retardation. When the QP is tuned to a half-wave retardation (δ = π) pure = ±2 OAM eigenmodes are generated from a circularly polarized TEM 00 input beam. In our experiments to test the PSI-DP the optical retardation δ of the q-plate was adjusted by thermal tuning [38] . Once tuned, the q-plate can generate any qubit in the = ±2 OAM Hilbert subspace starting from an elliptically polarized TEM 00 , according to [19] 
where a polarizer after the q-plate was used to select the H polarization. The insertion of the polarizer reduces the conversion efficiency upper limit to 50% of the incident photons [19, 20] .
The spin-to-OAM conversion process (STOC) in Eq. (9) is reversible and allows one to transfer back any OAM qubit into a corresponding polarization qubit according to
The inverse STOC process is very useful in the detection stage, because the information encoded in the OAM degree of freedom is transferred into the light polarization, which is very easy to be analyzed. The auxiliary setup used for the OAM measurement is shown in Fig. 1(c) .
The photon state coming from the PSI-DP was first analyzed in polarization by the waveplates W P2 and PBS P2 and then the QP was used to transfer the OAM state into the corresponding polarization state of TEM 00 mode [Eq. (10)], which was subsequently analyzed by waveplate W P3 and polarizer P3. The TEM 00 mode in the output beam was selected by a spatial filter made by microscope objective and pinhole (not shown in the figure) [23]. The PSI-DP setup is shown in Fig. 1(a) . At the PSI exit port the set of waveplates WP1 was inserted to compensate for the polarization changes due to the Dove prism, mirrors and PBS. The Dove prism, in particular, introduces a slight change in the light polarization [1] [2] [3] 39] so that a fraction of light exits from the wrong port, increasing the PSI-DP losses. A straightforward calculations for our Dove prism (BK7 glass, 45 • base angles) shows, however, that the losses due to the light depolarization by the Dove prism do not exceed 2% at our rotation angles. The observed average overall transmittance of the PSI-DP was about 80%, so it is mainly due to scattering and reflection losses from other optical components (we used no antireflection coating). We performed a few demonstrative experiments to test the different operations of the PSI-DP.
In the first experiment, we used the PSI-DP to clean up the TEM 00 mode from the input beam (see Sec. 2.1.2). The input light was circularly polarized and sent into a QP. The optical retardation δ of the QP was changed so to obtain a mixture of = 0 and = 2 OAM eigenstates, according to Eq. (8) . The polarizer P1 ensured antidiagonal polarization at the PSI input and the DP was rotated at α = π/8. Figure 2 shows the data for the case = 2. The = 2 and = 0 modes, shown in the figure, exit from the opposite ports of PBS P2 in Fig. 1(c) . The measured contrast ratio of our cleaner was about 3.5:100.
In the second experiment, we used the PSI-DP to separate opposite OAM eigenstates. The input state was created by sending the H-polarized laser light into a HWP at angle θ /2, a QWP at 45 • and finally into a QP tuned for optimal STOC, so to obtain beyond the polarizer P1 of Fig. 1 the OAM qubit |Φ = cos 2θ | + 2 − sin 2θ | − 2 with antidiagonal polarization. After the QP tuning, the residual = 0 component was negligible (less 1%). The OAM qubit superposition was changed by rotating the HWP. The DP in the PSI-DP was set at α = π/16. The experimental results are shown in Fig. 3 . The contrast ratio was 4.2:100 and the transmission efficiency larger than 90%, much larger than what can be obtained by holograms and spatial-filter combination.
In the third experiment, we implemented Bell's states detection with the PSI-DP. The states [Eq. (7)] can be generated with a QP with 100% efficiency. The states |B 1 and |B 4 are generated directly by sending in the QP a H and V -polarized TEM 00 beam, respectively. The states |B 3 and |B 2 require an additional HWP at 45 • beyond the QP, so to exchange the polarization states. The states [Eq. (7)] were disentangled by the PSI-DP C-NOT operation described in Sec. 2. were analyzed in polarization and OAM separately by sending them into the four output channels of a setup formed by PBS and QPs with pinhole for inverse STOC. The average contrast ratio in separating the |h and |v OAM state by the inverse STOC was 1.4:100. The intensities of the signals at each one of the four exit gates of our analysis setup are shown in Fig. 4 . At least 94% of the intensity was concentrated in one exit gate at once, showing very good disentanglement by the C-NOT PSI-DP operation.
In our final experiment, we used the PSI-DP to create the photon spin-orbit Schmidt state [Eq. (7)]. Although some photon spin-orbit states of the Schmidt form can be generated by simply sending through a QP an elliptically polarized TEM 00 beam, this is not true for the state [Eq. (7)]. This is because some unitary operations, as π/2-conversion, for example, are difficult to be implemented in the OAM subspace and require cylindrical lens converters (the Dove prism performs a π-conversion). Our PSI-DP can do the OAM state π/2-conversion [30] and, hence, it can be exploited to create states as [Eq. (7)]. In our experiment, we first turned the laser beam polarization into diagonal and then sent it through the QP and PBS to obtain with 50% nominal efficiency the state |H, d , with = 2, in our case. The state |H, d was then made to pass through a HWP at angle θ and sent directly into the PSI-DP with Dove prism at α = π/8 = π/16. A straightforward calculations shows that the photon spin-orbit state at the PSI exit is precisely the Schmidt state [Eq. (7)] with θ replaced by 2θ . The degree of entanglement of this spin-orbit state is controlled by rotating the HWP. We measured the intensity the |H, h and |V, v components of the Schmidt state generated by the PSI-DP with the same apparatus used for the SAM and OAM analysis in the previous experiment on Bell states. The results are reported in Fig. 5 .
For the sake of completeness we measured by full spin-orbit tomography the density matrix of one of the states with maximal spin-orbit entanglement. The tomographic technique is commonly used in single photon quantum optics to measure qubits [40] and can be used also to characterize OAM photon states or even spin-orbit photon states [21, 30, 41] . The main advantage of tomography is that both the amplitude and phase of the optical field can be retrieved without having recourse to interferometers.The basic idea is to measure the Stokes parameters s i (i = 1, . . . , 3) by intensity differences in the left/right circular basis, in the horizontal/vertical basis and in the antidiagonal/digonal basis for the polarization qubit and in similar bases for the OAM qubit [40] . In our measurements the tomography was carried out by using PBS and QPs with pinhole for inverse STOC as in the previous experiments. The results are shown in Fig. 6 and are in excellent agreement with theory. The measured average fidelity defined as Fig. 6 . Density matrix of the maximally entangled Hardy state, reconstructed by full spinorbit tomography the squared scalar product of the observed spin-orbit state and the expected state [Eq. (7)] was 92%.
Conclusions
In conclusions, we introduced a new interferometric layout, a Polarizing Sagnac interferometer with a Dove prism, that can realize OAM state sorting and different spin-orbit quantum gates at the single photon level. The PSI-DP is more stable than Mach-Zehnder-based interferometers for OAM because of the self-compensated optical paths and it is easier to use because it requires only one Dove prism. Moreover the PSI-DP can do nontrivial operation in the spin-orbit space, as experimentally demonstrated by few examples. Useful applications of the PSI-DP as an OAM sorting device and as a realization of quantum unitary gates, such as OAM C-NOT gate, full Bell's states detection gate, and a gate to generate Schmidt's photon states with controllable spin-orbit entanglement have been realized in this work, but we are confident that many other will be surely envisaged in the near future.
